In this article, by using nonlinear Leray-Schauder-type alternative and Banach's fixed point theorem, we investigate existence and uniqueness of solutions. We also prove Hyers-Ulam stability for the proposed coupled system of fractional differential equations (FDEs) with the nonlinear p-Laplacian operator and Riemann-Liouville integral boundary conditions (IBCs). An illustrative example is presented to demonstrate our main results.
p-Laplacian. For existence and uniqueness of solutions, employing nonlinear LeraySchauder-type alternative and Banach's fixed point theorem, new results are obtained for the coupled considered FDEs involving the nonlinear p-Laplacian operator with IBCs. The important aspect of this article is to check stability for the coupled considered FDEs involving the nonlinear p-Laplacian operator. In the literature, different types of stability were presented for functional, differential and integral equations, for example, Lyapunov and exponential stability [27, 28] . But checking such stability is difficult and time consuming due to calculation of Lyapunov functions. An interesting and motivating stability method was introduced by Ulam and then by Hyers in 1941, which is known as HyersUlam stability [29, 30] . Such stability has outstanding applications in integer order and fractional order differential equations appearing in physics, optimization, numerical analysis, biological phenomena, economic, biochemistry, etc. For the details of using HyresUlam stability, we suggest [9, [31] [32] [33] . In the following sections, we provide necessary definitions, lemmas, assumptions, as well as decribe the stability method and an example for the coupled considered FDEs with the nonlinear p-Laplacian operator with integral boundary conditions.
Background material and auxiliary results
Let us introduce X = {ω 1 (r)|ω 1 (r) ∈ C 1 ([0, 1])} as the space all continuous functions, endowed with a norm ω 1 = max{ω 1 (r), r ∈ [0, 1]}, here (X , · ) is obviously a Banach space, let Y = {ω 2 (r)|ω 2 (r) ∈ C 1 }. Then the product space denoted by (X × Y, (ω 1 , ω 2 ) ), equipped with the norm (ω 1 , ω 2 ) = ω 1 + ω 2 , is also a Banach space. This will be used throughout in the considered coupled FDEs with the nonlinear p-Laplacian with IBCs. Now recall the following definition which can be traced to [34] [35] [36] .
Definition 2.1 Let be a given function on a closed interval [0, b] . Then the non-integer order derivative in the Caputo sense of is defined by
where n -1 = [θ 1 ]. In particular, if is defined on the interval [0, b] and θ 1 ∈ (0, 1), then
It is to be noted that the integral on the right-hand side is pointwise defined on R + .
Definition 2.2
The integral of arbitrary order θ 1 ∈ R + in the Riemann-Liouville sense for a function ϕ : R + → R is given as
so that the integral on the right-hand side is pointwise defined on R + .
Lemma 2.3 Let
is given by
for some ρ i ∈ R, i = 0, 1, 2, . . . , m -1, where m is the smallest integer such that m ≥ θ 1 .
Lemma 2.4 ([37])
Let ϕ p be the p-Laplacian operator.
(ii) If p > 2, and
is called Hyers-Ulam stable if, for any ξ > 0, the inequality
has a unique fixed point, say ω 1 * , with constant D > 0 such that
To proceed further, let the following hypothesis hold: (H 1 ) The nonlocal functions f , g, where ω 1 , ω 2 , x, y ∈ R, satisfy the inequalities:
. Then for a given g ∈ C([0, 1], R), the solution of the fractional differential equation
with the boundary condition
has a unique solution given by
Applying the operator I θ 1 0 on (2.5) and using Lemma 2.3 again, we get from (2.5) the following equivalent integral form:
By using the condition x (r)| r=0 = 0 in (2.6), we obtain A 2 = 0. Also in view of condition With the help of Theorem 2.6, our coupled FDEs involving the p-Laplacian with integral boundary conditions are equivalent to the following Hammerstein-type integral system:
(2.8)
Existence and uniqueness
For the sake of convenience, we set
2)
We define operators 
Then either the set ε(F) is unbounded, or F has at least one fixed point.
Theorem 3.2 Suppose that
. Assume that there exist real con-
In addition, it is assumed that
where M 1 and M 2 are given by (3.1) and (3.2) respectively. Then the boundary value problem (1.1) has at least one solution.
Proof First, we show that the operator T : X × Y → X × Y is completely continuous. By the continuity of functions f and g, the operator T is continuous. Let Ω ⊂ X × Y be bounded. Then there exist positive constants L 1 and L 2 such that
Then for any (ω 1 , , ω 2 ) ∈ Ω, we have
And also,
Thus, it follows from the above inequalities that the operator T is uniformly bounded.
Next we show that T is equicontinuous. Let 0 ≤ r 1 ≤ r 2 ≤ 1. Then we have
(3.12)
(3.13)
Therefore, the operator T(ω 1 , ω 2 ) is equicontinuous, and thus the operator
is completely continuous. Finally, it will be verified that the set ε = {(
For any r ∈ [0, 1], we have
Then
and
(3.15)
Hence we have
(3.16)
From (3.16) we have
Consequently,
for any r ∈ [0, 1], where M 0 is defined in (3.3), which proves that ε is bounded. Thus, by Lemma 3.2, operator T has at leat one fixed point. Hence, the boundary value problem (1.1) has at least one solution. 
In addition, assume that
where f and g are given by (3.4) and (3.5), respectively. Then the boundary value problem (1.1) has a unique solution.
Proof Consider a bounded set T(ω 1 , ω 2 )(r) ≤ r. For ( 1 , 2 ), (ω 1 , ω 2 ) ∈ X × Y, and for any r ∈ [0, 1], we get
Similarly, we have
Therefore, by (3.20) and (3.21), we have
Hence f (m 1 + m 2 ) + g (n 1 + n 2 ) < 1, and therefore T is a contraction operator. So by Banach's fixed point theorem, the operator T has a unique fixed point, which is the unique solution of problem (1.1). 
Hyers-Ulam stability of the coupled system
such that
In the present section, we derive the Hyers-Ulam type stability for the solution of the considered problem. Proof By Theorem 3.3 and Definition 4.1, let (ω 1 (r), ω 2 (r)) be the exact solution, and (ω * 1 (r), ω * 2 (r)) be any other solution of system (2.8). Then, with the help of (2.8), we have 5) which implies that 6) where
]. Similarly, we further have
which implies that
where
]. Hence in view of (4.5) and (4.7), the system of integral equations (2.8) is Hyers-Ulam stable, and consequently, the solution of system (1.1) is Hyers-Ulam stable.
Illustrative example
Example 5.1 Consider the following coupled FDEs involving the nonlinear p-Laplacian operator with IBCs: Hence all the conditions of Theorem 3.3 are satisfied, and so the coupled system (5.1) has a unique solution and is Hyres-Ulam stable.
Conclusion
In this paper we investigated existence and uniqueness of solutions for coupled fractional differential equations involving the nonlinear p-Laplacian operator with integral boundary conditions, by using nonlinear Leray-Schauder-type alternative and Banach's fixed point theorem. We have also developed some conditions to prove Hyres-Ulam stability. An illustrative example was provided to demonstrate the results. For further studies, we suggest investigating our problem (1.1) for multiplicity results and exponential stability. Readers may also consider the problem for the new established derivative known as ABC fractional derivative.
